ABSTRACT In this paper, attitude stabilization control for flexible spacecraft with inertia uncertainty is considered. First, an adaptive law is constructed to estimate the upper bound of a certain function related to the inertia uncertainty. Then, based on the proposed adaptive law, an adaptive sliding mode finite-time state feedback control law is established for the case where the flexible modal variables are measurable. Furthermore, an adaptive sliding mode control (SMC) law based on observers is proposed for the situation where the flexible modal variables are unmeasurable. To verify the effectiveness of the presented control laws, simulations are performed in the presence of inertia uncertainty. The simulation results show that the proposed control laws can attenuate the effect of inertia uncertainty successfully, and the attitude states can be stabilized in finite time without unwinding phenomenon by the proposed SMC laws.
I. INTRODUCTION
Attitude stabilization control is one of the most important problems in spacecraft control design. Although the spacecraft missions may vary greatly, high attitude stability accuracy is an important requirement for a spacecraft attitude control system [1] . In order to meet the requirements of the attitude control system, many control methods have been proposed, such as PD control algorithms [2] , sliding mode control techniques [3] , and adaptive control laws [4] .
As a nonlinear control strategy, the sliding mode control (SMC) technique has attracted much attention because of its inherent robustness and easy implementation. In fact, SMC possesses many good properties, such as insensitivity to matched model uncertainty and external disturbance [5] . Owing to this, SMC has been widely applied to the spacecraft attitude control law design. In [6] , by solving an optimal control problem of a simplified spacecraft model the sliding mode was obtained. Then, an optimal switching surface was constructed by attitude velocities and attitude variables of the spacecraft. In order to improve the transient response of the attitude states before reaching the sliding manifold, a smoothing model-reference SMC was developed in [7] . In [8] , the SMC technique was adopted to deal with the spacecraft attitude tracking problem. In order to reduce the chattering problem, the higher order sliding mode control was utilized in [9] to design attitude control law for rigid spacecraft.
The convergence rate of the aforementioned SMC technique is exponential, which means that the attitude cannot be stabilized to the equilibrium in finite time. As a finite-time control technique, terminal sliding mode (TSM) has gained much attention in recent years due to its faster convergence rate, higher accuracy, better disturbance rejection properties, and better robustness against uncertainties. In [10] , an adaptive scheme was proposed to estimate the upper bounds of the disturbance, and a finite-time controller based on the adaptive law was designed to stabilize the attitude of rigid spacecraft. Based on the designed fast terminal switching surface, a FTSMC strategy was constructed for attitude tracking control of rigid spacecraft in [11] . By using Lyaponov method, it is proved that FTSMC can guarantee the convergence of tracking-error. The discontinuous controllers in [10] and [11] may lead to chattering problem which may wear down devices, increase energy consumption and arouse high frequency unmodeled plant dynamics. In order to eliminate the high-frequency chattering phenomenon, many approaches have been developed [12] - [14] . In [12] , the chattering phenomenon was remedied by smoothing the control discontinuity within a thin boundary layer neighboring the switching surface. The boundary layer idea was adopted to smooth the attitude tracking control scheme for rigid spacecraft in [13] . In [14] , a new terminal sliding mode manifold was proposed for a rigid body to relieve the singularity problem associated with conventional TSM control.
The quaternion based attitude kinematic for spacecraft has a drawback: the double value of the quaternions may cause unwinding phenomenon [15] . Since quaternion q and −q differ by 360 • , a spacecraft must rotate 360 • to change its attitude coordinates from q to −q. Thus, it may result in extra fuel consumption since the considered spacecraft needs to rotate a big angle to the desired attitude when a closed-loop spacecraft system is close to the desired attitude equilibrium. In order to solve this problem, many approaches based on the quaternion have been proposed [16] - [18] . In [16] and [17] , the term sign(q 0 )q was introduced into the controller design, where q 0 is the real part of the quaternion q. However, the proposed controller was discontinuous and the rigorous stability proof have not given. In addition, the proposed controller could not avoid unwinding phenomenon completely because sign(q 0 ) = sign(q 0 (0)) could not be guaranteed. In [18] , the term q 0 q was used to design a new sliding mode surface, and then a controller without unwinding was proposed for rigid spacecraft formation. But its initial conditions were strictly limited.
It should be pointed out that the aforementioned control techniques are established for rigid spacecraft. However, modern spacecraft are flexible because the large, complex, and lightweight structures such as solar arrays, antennas are attached. These flexible structures have low frequency fundamental vibration modes [1] , which may decrease spacecraft attitude control accuracy, and even damage the system. In addition, the fuel consumption, the extension or contraction of the flexible appendages can affect the inertia of flexible spacecraft. Therefore, the inertia uncertainty should be taken into account in flexible spacecraft attitude control law design.
Motivated by the above discussion, we design finite-time control schemes in this paper for flexible spacecraft with inertia uncertainty. We first propose an adaptive law to estimate the upper bounds of a certain function related to the inertia uncertainty. Then, by designing a novel switching function, an finite-time attitude stabilization control law is proposed. Compared with the designed controller in [19] , the proposed controller in this paper is more effective. Furthermore, by designing a flexible modal observer, an anti-unwinding attitude stabilization control law based on observers is proposed. Compared with the designed control law in [20] , the proposed controller in this paper possesses better performance. In addition, from simulation results it can be seen that the proposed control laws can avoid the unwinding phenomenon.
Throughout this paper, we use λ max (·) and λ min (·) to denote the maximum eigenvalue and minimum eigenvalue of a matrix, respectively. In addition, we use · to represent the 2-norm of a vector or the Frobenius norm of a matrix.
II. MATHEMATICAL MODEL AND PROBLEM STATEMENT A. MATHEMATICAL MODEL
We adopt the unit quaternions to describe the attitude of a flexible spacecraft. Then, the spacecraft attitude kinematics can be described aṡ
where
T ∈ R 3 and q 0 ∈ R are respectively the vector and scalar components of the unit quaternion q, and
T ∈ R 3 is the body angular velocity vector of the flexible spacecraft. In addition, the matrix T (q 0 , q v ) is given by
where I 3 is the 3 × 3 identity matrix, and for any vector
T ∈ R 3 , the notation x × is defined as
Obviously, for any 3-dimensional vector x, x × is a skew symmetric matrix. The unit quaternion components are constrained with
Under the hypothesis of small elastic deformations [21] , by using Euler theorem the attitude dynamic equation of a spacecraft with flexible appendages can be obtained as follows
where J ∈ R 3×3 is the total inertia matrix (symmetric) of the flexible spacecraft; δ ∈ R 3 is the coupling matrix between the flexible appendages and the rigid dynamics, which is used to describe how the flexible appendages influence the rigid dynamics; η is the modal coordinate vector of the flexible composition; u is the external torque acting on the main body; C and K are the damping matrix and stiffness matrix of the flexible spacecraft, respectively. In the present model, N elastic modes are considered, with ω ni , i = 7160 VOLUME 7, 2019 1, . . . , N being the natural frequencies and ζ i , i = 1, . . . , N being the associated damping, and C, K can be defined as follows
with J mb being the inertia matrix of the rigid body. For the dynamic system of the flexible spacecraft, it can be derived from ( 3) thaẗ
By substituting (4) into the first equation in (3), it can be obtained that
which can be equivalently written as
Combining this with J = J mb + δ T δ, we havė
Denote ψ =η + δω.
Then it can be derived from the equation (4) thaṫ
Substituting (6) and (7) into the dynamic equation (5), giveṡ
Thus, it follows from (1), (6) and ( 7) that the attitude control system is governed by:
For this flexible spacecraft system, the inertia matrix uncertainty is considered in this paper. Let J mb = J mb0 + J , where J is the uncertainty caused by the change in mass properties and J mb0 is a constant matrix representing the nominal inertia matrix. Then, the nominal inertia matrix of the whole flexible spacecraft is J 0 = J mb0 + δ T δ. It is assumed that J are bounded, and J ≤ σJ .
B. PROBLEM STATEMENT
For the flexible spacecraft (8) with upper bounds of the inertia uncertainty J and its derivative J being unknown, the design tasks in this paper can be stated as follows.
(1) When the flexible modal variables η, ψ are measurable, design an adaptive sliding mode state feedback finitetime control law such that the states of the closed-loop system (8) can be stabilized in finite time, which can be expressed as follows:
and the vibration of the flexible appendage is damped out;
(2) When the flexible modal variables η, ψ are unmeasurable, construct a dynamic adaptive sliding mode control law such that the states of the closed-loop system (8) can be stabilized, which can be expressed as follows:
and the vibration of the flexible appendage is damped out.
III. MAIN RESULTS
In this section, two sliding mode control laws are presented to stabilize the attitude of the flexible spacecraft. In the first subsection, an adaptive finite time sliding mode control based on state feedback (briefly, AFTSMCSF) is developed under the assumption that the states (q, ω, η, ψ) are measurable. In fact, the flexible modal variables η, ψ are difficult to be measured. Thus, a dynamic adaptive sliding mode control based on state observers (briefly, DASMC) is presented in the second subsection. Before giving the control law design, we recall some lemmas which will be utilized in the subsequent control law design and analysis.
Lemma 1 [22] : For real numbers x i , i = 1, . . . , n and 0 < b < 1, the following inequality holds:
Lemma 2 [22] : Suppose V (x) is a C 1 smooth positivedefinite function (defined on U ⊂ R n ) andV (x) + λV α (x) is a negative semi-definite function on U ⊂ R n for α ∈ (0, 1) and λ ∈ R + , then there exists an area U 0 ⊂ R n such that any V (x) which starts from U 0 ⊂ R n can reach V (x) ≡ 0 in finite time. Moreover, if T s is the time needed to reach V (x) ≡ 0, then
where V (x 0 ) is the initial value of V (x). Lemma 3 [23] : Suppose V (x) is a C 1 smooth positivedefinite function (defined on U ⊂ R n ) and there holdṡ V (x) ≤ −αV γ (x) + κ on U ⊂ R n for α ∈ R + , and γ ∈ (0, 1), then there exists a scalar 0 < θ 0 < 1 such that the trajectories of the closed-loop system is bounded in the VOLUME 7, 2019 finite time
where V (x 0 ) is the initial value of V (x), and the trajectory of the closed-loop system is bounded as
.
A. AN ADAPTIVE FINITE-TIME SLIDING MODE CONTROL LAW BASED ON STATE FEEDBACK
For the flexible spacecraft system (8), it is assumed that the system state (q, ω, η, ψ) are measurable. We aim to construct an adaptive sliding mode state feedback control law for this system. For this end, we first choose the following switching function
where β > 0, γ 1 and γ 2 are odd numbers satisfying 0 < γ 1 < γ 2 , and
With the chosen switching function (9), we need to construct the control law such that the condition s Tṡ < 0 is satisfied. This condition assures us that the switching surface s = 0 attracts the system trajectories. Consider a class of state feedback control for the flexible spacecraft system (8) in the following form:
where the term u eq is the equivalent control for the nominal system, and the term u n is used to deal with the unknown system uncertainty, and the term u h is attached to ensure the finite time stability of the switching function s. The aim of the equivalent control u eq is to force the system state to slide on the switching surface, and determine the behavior of the nominal system restricted to the switching surface. Thus, the equivalent control u eq can be obtained from the nominal system part by settingṡ to be zero. That iṡ
The nominal part of the spacecraft system (8) iṡ
By substituting this expression and the first equation in (8) into (11), we can obtain the equivalent control as
In order to construct the term u n , we first define the following notation:
Obviously, is dependent on J , ω, and q. Since J is bounded, then there exists a positive function ρ (t, ω) satisfying the following inequality
where ρ (t, ω) is only dependent on t, ω, and is independent of J . It is clear that the positive scalar valued function ρ (t, ω) satisfying the relation (14) is an important clue to construct a control law. However, sometimes it may not be easily obtained due to the complexity of the structure of the uncertainty. Due to this, we adopt simple adaptive laws to estimate the positive scalar valued function ρ (t, ω), and thus an adaptive sliding mode control law is proposed. For this purpose, we firstly state the following assumption.
Assumption 1: There are positive constants c 0 and c 1 such that
Based on the above assumption, u n can be constructed as
whereρ (t, ω) is the adaptive value of ρ (t, ω) and is given byρ
whereĉ 0 andĉ 1 are the estimated parameters for c 0 and c 1 , respectively. An adaptive law for the parameters c 0 and c 1 is designed asċ
where l 0 , l 1 and ε 0 , ε 1 are designed parameters. Then, by integrating (18) the adaptive parameters can be obtained aŝ
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where µ 1 , µ 2 are positive numbers, and
By summarizing the previous results, we can obtain the following adaptive sliding mode state feedback finite-time control law to stabilize the flexible spacecraft (8):
where β, µ 1 and µ 2 , ε 0 and ε 1 are positive value, γ 1 , γ 2 are odd numbers satisfying 0 < γ 1 < γ 2 , and l 0 , l 1 are designed parameters.
In the following, the stability analysis of a flexible spacecraft described by (8) under the designed control law (21) is given. First, we consider the behavior of the flexible spacecraft (8) restricted to the switching surface s = 0. The finite time stability of the variables (q v , q 0 , ω) on this switching surface is shown in the following.
Theorem 1: Consider a flexible spacecraft described by (8) under the control law (21) , when the system state is restricted to the switching surface s = 0, then the attitude variables q v and ω converge to 0 in finite time.
Proof: The following Lyapunov function is considered,
With the condition s = 0, we can obtain thaṫ
Thus, it can be easily obtained that q v is bounded. Suppose the bound of q v is ε (0 < ε < 1) , that is q v ≤ ε. Then there
With this in mind, (22) can be written asV
by Lemma 2, q v (t) can reach 0 in some finite time T s . This means that when s = 0, we have lim t→T s q v (t) = 0, which implies lim t→T s ω (t) = 0 according to (9) . Therefore, lim t→T s q v (t) = 0 and lim t→T s ω (t) = 0 can be accomplished simultaneously only by s = 0.
It is proven in Theorem 1 that the equilibrium q v (t) = 0, ω = 0 is on the switching surface. Thus, it is clear that if there exists a state feedback control law such that the state of the closed-loop system (8) can be driven into the switching surface s = 0 in finite time T , then the attitude variable q v (t) and ω converge to origin in finite time. In the following, the attractiveness of the switching surface is given under the control law (21) .
Theorem 2: Consider a flexible spacecraft described by (8) 
If the parameters l 0 and l 1 of the proposed control scheme (21) are chosen as follows,
then the sliding mode s converges to a neighborhood of the switching surface s = 0 in finite time. Moreover, the errors c 0 andc 1 are also bounded in finite time.
Proof: Consider the following Lyapunov function,
It is obvious that
where λ min (J mb ) and λ max (J mb ) are positive constants. By differentiating V 2 (t) with respect to time, we havė
Substituting the second equation of (8) into the above equality, giveṡ
By combining this with the control law (21), we havė
By using (24) and (25), for the time derivative of Lyapunov function V 2 (t), from (30) we havė
It can be obtained from Lemma 1 thaṫ
Note
Similarly, we have
Next, the following four cases are considered to complete the proof. 
and
Thus, by combining (31) with (34) and (35), it can be obtained that Lyapuonv function V 2 (t) satisfieṡ
(ii) If
0 ≤ 1 and
Then, by using the definitions in (23), we obtain
They can be equivalently rewritten as,
By combining (38), (39), (40) and (41), it can be derived from (31) thaṫ
2 0 > 1, and (39) and (41) hold. Combining these with the obtained relation (31), giveṡ
where 
By now, we complete the analysis of the above four cases. By summarizing the above four cases, we havė
2 (t) + max{κ 1 , κ 2 , κ 3 , κ 4 }. Thus, it can be obtained from Lemma 3 that the switching surface s is bounded in finite time, andc 0 andc 1 are also bounded.
From the above theorem, it can be known that the states of the closed-loop system can be driven into a neighborhood of the switching surface in finite time by adopting the control law (21) . However, it can only guarantee the bounded motion around the switching surface.
A drawback of the control law given in (21) is that it is discontinuous due to the discontinuousness of u n and u h for the switching surface s = 0 and discontinuousness of u eq for q v = 0. This characteristic may cause an undesirable chattering phenomenon. For practical implementations the controller must be smoothed.
One way to smooth the control is to introduce a boundary layer about q v = 0, as suggested in [26] :
where τ 1 is a small positive value. As τ 1 approaches zero, the performance of this boundary layer control law can be made arbitrarily close to that of original control law by choosing τ 1 .
Similarly, we can obtain the following smoothed u n :
whereρ (t, ω) is given by (17) and (18), and τ 2 is a small positive value. As τ 2 approaches zero, the performance of this boundary layer control law can be made arbitrarily close to that of original control law by choosing τ 2 . In addition, the discontinuous function sign (·) in (20) can be replaced by arctan (·) function. In this case, the hitting control can be modified as
where µ 1 , and µ 2 are positive numbers, and
By summarizing the previous results, we can obtain the following adaptive sliding mode state feedback finite-time VOLUME 7, 2019 control law to stabilize the flexible spacecraft (8):
where β, τ 1 , τ 2 , µ 1 , µ 2 , ε 0 and ε 1 are positive values, γ 1 , γ 2 are odd numbers satisfying 0 < γ 1 < γ 2 , f (s i ) , i = 1, 2, 3, are defined in (49), and l 0 and l 1 are chosen as
,
Obviously, a necessary condition to construct the proposed control law (50) is that all the states of the spacecraft system (8) are measurable. In general, the quaternion q and the velocity ω is available by measurement. However, it is not easy to measure the flexible modal variables (η, ψ). In this case, the proposed control law (50) is not applicable. Due to this reason, in the next section, we will introduce a state observer to estimate the flexible modal variables, and then construct a dynamic adaptive sliding mode control law.
B. A DYNAMIC ADAPTIVE SLIDING MODE CONTROL LAW
In this subsection, we consider the case where the flexible modal variables (η, ψ) are unmeasurable. For this case, an observer is first designed to give the estimates of the flexible modal variables (η, ψ). Then an adaptive sliding mode control law based on state observer can be obtained by replacing the unmeasurable flexible modal variables in the controller (21) with their estimates.
In order to estimate the unmeasurable modal variables (η, ψ), we construct the following observer:
where the matrix P is the solution of the following Lyapunov equation,
with Q > 0. With this observer, by replacing the unmeasurable flexible variables (η, ψ) with their estimates η,ψ in (10), the following sliding mode control law based on observer is presented,
where u h and u n are defined in (20) and ( 46), respectively, and u eq is given as follows,
By summarizing the previous results, we can obtain the following adaptive sliding mode control law based on observers to stabilize the flexible spacecraft (8):
where β, µ 1 , µ 2 , ε 1 , ε 2 , l 0 , and l 1 are nonnegative values, γ 1 , γ 2 are odd numbers satisfying 0 < γ 1 < γ 2 .
On the stability of the closed-loop system under the control law (55 ) with (51), we have the following conclusion. 
When the proposed control scheme (55) with (51) is applied to the system (8) , and the parameters are chosen as
the following results are achieved: (i) The sliding mode s converges to s = 0, and e η , e ψ ,c 0 , and c 1 are all bounded.
(ii) When the system state is restricted to the switching surface s = 0, then the attitude variables q v and ω converge to 0 in finite time.
Proof: First, we consider the attractiveness of the switching surface s = 0. For this end, the following Lyapunov function is considered,
Denote
By taking derivation V 4 (t) and V 5 (t) along the state trajectory, respectively, we havė
Substituting the second equation of (1) and the second equation of (8) into (61), giveṡ
Further, by using the control law u in (55), we havė
Because there holds J ≤ σJ , from the above relation, it can be obtained as followṡ
Substituting (13), (16), (56) and (57) to the above expression, giveṡ
By using (15) and (17), it can be derived from the above expression thaṫ
Combining this with the adaptation laws in (18) with ε 0 = 0, ε 1 = 0, we havė
By using the modal observer (51), the relation (62) can be rewritten aṡ
By using the relations (63) and (64), it can be obtained thaṫ
Thus, (i) is proved. It can be seen from (55) with (51) that the switching surface in this case is chosen to be the same as the case in the previous subsection. Thus, the proof of (ii) is the same as Theorem 1, and thus are omitted here.
It can be known from the above theorem that the state of the closed-loop system can be driven into the switching surface s = 0 by adopting the control law (55) with (51). Furthermore, when the states q v and ω reach the switching surface s = 0, the states q v and ω converge to 0 in finite time. However, we can not guarantee that the states q v and ω converge to the switching surface s = 0 in finite time.
It should be noted that the proposed dynamic adaptive sliding mode control law (55) with (51) is discontinuous. By replacing the unmeasurable flexible variables (η, ψ) with their estimates η,ψ in (50), the following dynamic adaptive sliding mode control law based on observers is presented,
where β, τ 1 , τ 2 , ε 1 , ε 2 , µ 1 , µ 2 , l 0 and l 1 are nonnegative values, γ 2 , γ 1 are odd numbers satisfying 0 < γ 1 < γ 2 , f (s i ) , i = 1, 2, 3, are defined in (49), andψ andη are provided by (51). The advantage of the proposed adaptive finite-time sliding mode control based on state feedback law (briefly, AFTSMCSF) (50) and the dynamic adaptive sliding mode control law (briefly, DASMC) (65) with (51) is that the true value of the upper bounds of the flexible spacecraft inertia uncertainty is not needed to be known. In addition, the proposed DASMC control law (65) with (51) can be adopted to control the flexible spacecraft when the flexible modal variables are unknown. In the next section, numerical simulations and comparison are given to verify the effectiveness of the proposed AFTSMCSF control law (50) and the DASMC control law (65) with (51).
IV. EXAMPLES
The numerical application of the proposed control schemes to the attitude control of a flexible spacecraft is presented in this section by using MATLAB/SIMULINK software. The simulation parameters of the flexible spacecraft system are given in TABLE 1. The following four cases are studied to verify the effectiveness of the proposed control schemes. Case 1. Control law (50) is used for the situation where the flexible modal variables are measurable. Furthermore, the RACFT controller in [19] is adopted for comparison; Case 2. Control law (65) with (51) is used for the situation where the flexible modal variables are unmeasurable. Furthermore, the Theorem 2 (named controller A here) in [20] is adopted for comparison; Case 3. Control law (50) is used for the situation where the flexible modal variables are measurable and the initial value q 0 (0) satisfies q 0 (0) < 0. Furthermore, the RACFT controller in [19] is adopted for comparison; Case 4. Control law (65) with (51) is used for the situation where the flexible modal variables are unmeasurable and the initial value q 0 (0) satisfies q 0 (0) < 0. Furthermore, the controller A in [20] is adopted for comparison. The initial values of angular velocity, quaternions and flexible modal variables for the above four cases are given in TABLE 2, TABLE 3, TABLE 4 and TABLE 5 , respectively. The parameters for control laws AFTSMCSF (50) and DASMC (65) with (51) are shown in The simulation results for Case 1 are shown in Figure 1 . It can be easily seen from the modal coordinates of the flexible appendage presented in Fig. 1(a) that the modal variables are limited to a steady level. The modal replacements under the controller AFTSMCSF (50) are smaller than that under the controller RACFT in [19] . The control torques u i , i = 1, 2, 3 are shown in Fig. 1(b) , which indicates that the attitude stabilization problem is effectively settled by the controller AFTSMCSF (50) and the controller RACFT in [19] . It can also be observed that the proposed control law possesses better performance than the controller RACFT in [19] . The behavior of the quaternions q i , i = 0, 1, 2, 3, are given in Fig. 1(c) , and the attitude angular velocity ω i , i = 1, 2, 3, are shown in Fig. 1(d) . It is easily seen that the attitude angular velocities converge to zero in about 25s under the control law AFTSMCSF (50). However, it can be seen that the controller RACFT needs longer time to accomplish attitude stabilization. The AFTSMCSF controller is able to obtain higher pointing accuracy and better stability in a shorter time. In other words, both the rapidity and pointing accuracy of the attitude system are improved by using AFTSMCSF.
The simulation results for Case 2 are shown in Figure 2 . Fig. 2(a) illustrates the time response of the estimated modal displacementsη i , i = 1, 2, 3, 4, and it can be easily seen that the estimated modal variables are limited to a steady level. The estimated modal replacements of the controller DASMC (65) with (51) are smaller than that of the controller A in [20] . The control torques u i , i = 1, 2, 3 are shown in Fig. 2(b) , which indicates that the attitude stabilization problem is effectively settled by the controller DASMC (65) with (51) and the controller A. It can be observed that the proposed control law possess better performance than the controller A. The behavior of the quaternion q i , i = 0, 1, 2, 3, are given in Figure 2(c) , and the attitude angular velocity ω i , i = 1, 2, 3, are shown in Fig. 2(d) . It is easily seen that the attitude angular velocities converge to zero in about 25s under the control law DASMC (65) with (51). However, it can be seen that the controller A needs longer time to accomplish an attitude stabilization. Furthermore, the estimation errors of the flexible modal variables of the proposed DASMC controller (65) with (51) and the controller A in [20] are shown in Fig. 2 . It can be seen that the flexible modal observer possesses better performance than the observer in [20] .
The simulation results for Case 3 are shown in Figure 3 . Fig. 3(a) illustrates the time response of the modal displacements η i , i = 1, 2, 3, 4, and it can be easily seen that the modal variables are limited to a steady level. The control torques u i , i = 1, 2, 3 are shown in Fig. 3(b) . The behavior of the quaternion q i , i = 0, 1, 2, 3, are given in Figure 3(c) , and the attitude angular velocity ω i , i = 1, 2, 3, are shown in Fig. 1(d) . It is easily seen that the controller attitude angular velocities converge to zero in about 25s under the control AFTSMCSF (50) without unwinding phenomenon, while the controller RACFT in [19] can not avoid the unwinding phenomenon. Thus, the controller torque of RACFT in [19] is larger than that of the proposed AFTSMCSF (50). Such a fact can be verified by Fig. 3(b) .
The simulation results for Case 4 are shown in Figure 4 . Fig. 4(a) illustrates the time response of the modal displacementsη i , i = 1, 2, 3, 4, and it can be easily seen that the modal variables are limited to a steady level. The control torques u i , i = 1, 2, 3 are shown in Fig. 4(b) , which indicates that the attitude stabilization problem is effectively settled by the controller DASMC (65) with (51) and the controller A in [20] . The behavior of the quaternion q i , i = 0, 1, 2, 3, are given in Figure 4 (c), and the attitude angular velocity ω i , i = 1, 2, 3, are shown in Fig. 4(d) . It is easily seen that the attitude angular velocities converge to zero in about 20s under the controller DASMC (65) with (51) without unwinding phenomenon, while the controller A in [20] can not avoid the unwinding phenomenon. Thus, the controller torque of controller A in [20] is larger than that of the proposed DASMC (65) with (51). Such a fact can be verified by Fig. 4(b) .
V. CONCLUSION
An adaptive sliding mode finite-time control law based on state feedback and a dynamic adaptive sliding mode finitetime control law based on state observers are presented for the attitude stabilization control of a flexible spacecraft with inertia uncertainty. In the designed control laws, an adaptive scheme is constructed to estimate the upper bound of a certain function of the inertia uncertainty by using the attitude variable and attitude velocity information of the flexible spacecraft. The proposed controllers have been revealed to have good performance, which can stabilize the spacecraft attitude in finite-time in the presence of the inertia uncertainty.
Further, the performance of the proposed control schemes and the constructed flexible modal observer is compared with some existing results. The numerical simulations show that the developed controllers can avoid the unwinding phenomenon and can provide high robustness to the inertia uncertainty for flexible spacecraft. 
